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A fast algorithm for inhomogeneous slab scattering problems from the 
integral equation approach 
Ching-Chuan Su a) and Chun-Hsiung Chen 
Department of Electrical Engineering, National Taiwan University, Taipei, Taiwan, Republic of China 
(Received 27 July 1981; accepted for publication 19 February 1982) 
A wave-propagation problem in the presence of an inhomogeneous dielectric slab is treated by 
integral equations. The problem is first formulated in the Fredholm integral equation, and then in 
the Volterra equation after some transformations. A fast algorithm is then derived to numerically 
compute the Volterra integral equation efficiently for both the exterior-and interior-excited cases. 
Finally, this algorithm is applied to find out the eigenvalues and eigenfunctions of dielectric slabs 
with both homogeneous and paraboli~ profiles. 
PACS numbers: 41.10.Hv, 42.20. - y, 02.60.Nm 
I. INTRODUCTION 
An inhomogeneous dielectric slab is a good approxima-
tion of many practical media of physical interest. As a result, 
much research has been done, for instance, on the propaga-
tion characteristics of electromagnetic waves through the 
ionosphere, troposphere, I and plasma sheath,2 on the prop-
erties of wave motion in the oceans, 3 layered ducts, and non-
uniform flexible strings,4 and on the one-dimensional poten-
tial-well problem in quantum mechanics. S The 
understanding of the aforementioned analysis problems is 
helpful to the synthesis problems pertaining to the designs of 
nonuniform transmission lines, charge carrier density pro-
files in semiconductor,6 and permittivity profiles of the opti-
cal fiber. 7 Furthermore, this study is also useful to remote 
sensing or acoustic probing of the environment,3 and to thin 
film thickness measurement by ellipsometry.s 
Exact analytic solutions for wave propagation prob-
lems are rare, except for some special profiles.9 Thus, ap-
proximate or numerical methods are called for. Ifthe medi-
um is slowly varying, the methods of geometrical optics, 
stepped profile, and Wentzel-Kramers-Brillouin (WKB) are 
valid. l •s.1O An extension of the latter, employing more suit-
able local wave solutions, was given by Bahar. II If the coeffi-
cients of the Fourier cosine expansion of the dielectric profile 
vanish quickly, then Hill's function can be applied to obtain 
reasonable results. 12 An approximate theory which adapts 
known-analytic solutions to similar profiles also appears in 
the literature. 13 
But for general consideration of the slab problem with 
arbitrary profiles, numerical methods may be very useful, 
and are well developed based on versatile principles such as 
finite difference, finite element, and the calculus of varia-
tions. 14.IS The purpose of this investigation is to study this 
problem by a method based on integral equations from 
which a fast algorithm can be derived for numerical solu-
tions. 
II. STATEMENT OF THE PROBLEM 
The geometry of this problem is shown in Fig. 1, where 
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an inhomogeneous dielectric slab, of thickness a, extending 
to infinity in they and z directions and having no permittivi-
ty variation in these two directions, is inserted between two 
homogeneous semi-infinite regions of permittivities Eo and 
EoE3' The permittivity inhomogeneity of the slab is in the x 
direction only, and expressed as EoE2(X), where E2(X) is essen-
tially arbitrary and may be complex and lossy (as long as it is 
isotropic and linear). The free-space permeability is assumed 
for all regions. Ay-directed, linearly polarized electric plane 
wave is considered as the incident wave, which takes the 
form exp[ - jkxx - jkzz] for the exterior-excited case and 
exp [ - jkx Ix - Xs I - jkzz] for the interior-excited case. 
Since all the materials involved have no variation in the y 
direction and exp[ - jkzz] can be factored out, this problem 
is thus reduced to a one-dimensional case. The time harmon-
ic variation exp[jwt ] is assumed and omitted throughout this 
investigation. 
x 
region 3 
a 
region 2 
region 1 
-d 
(lJo . Eo ) 
FIG. 1. Geometry of the one-dimensional wave scattering problem. 
The open arrows indicate the directions of the incident waves. Both re-
gions 1 and 3 are semi-infinite homogeneous media. 
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In Sec. III the wave-propagation problem is formulated 
in the Fredholm integral equation first, and then trans-
formed to the Volterra equation for cases where region 3 is 
free space, as well as a homogeneous medium. In Sec. IV, for 
solving the Volterra integral equation numerically, an algo-
rithm is developed which reduces the computer time from 
proportional to L Z to L (L is the rank of a relevant matrix). 
Consideration is placed on the exterior- as well as interior-
excitation problems. The computed results of eigenvalues, 
eigenfunctions, and other features of slab scattering prob-
lems as well as a discussion on the accuracy of this algorithm 
are given in Sec. V. 
III. INTEGRAL EQUATION FORMULATION 
In this section the Fredholm integral equation for the 
propagation problem is formulated and then transformed to 
the Volterra equation which is more suitable for numerical 
computation. Region 3 is first assumed to be free space, and 
then generalized to be a homogeneous dielectric medium. 
A. Fredholm integral equation 
Consider a plane waveE i(x)exp[ - jkzz] impinging on a 
dielectric slab in a free-space environment. The resultant 
field E'(x)exp[ - jkzz] can be obtained by solving the dif-
ferential equation 
d~)X) +(k~E2(X)-k;)E'(x)=0, (1) 
with continuity conditions on E '(x) and dE '(x)/dx at the 
boundaries of the slab as well as radiation condition on E '(x) 
at the infinity. 
By a Green's function technique, 16 we can obtain from 
Eq. (1) the Fredholm integral equation 
E'(x) = E'(x) - ~ fE2(x') - l]E'(x') k
2 
[ 
2kx 0 
xexp[ -jkx!x-x'!]dx'. (2) 
This integral equation has a simple interpretation; that is, 
the resultant field E '(x) is the sum of the incident field E i(X) 
and the scattered field [the integration term in Eq. (2)]. 
In solving this Fredholm integral equation numerically 
one has to deal with a full matrix problem eventually. By the 
Gauss elimination method, the computer time is then pro-
portional to L 3 [L is the number of subdivisions in discretiz-
ing Eq. (2)]. It is too large for this method to compete with 
others. Another form of integral equation is considered in 
Sec. III B. 
B. Volterra Integral equation 
The original Fredholm integral equation can be trans-
formed to a more feasible one, the Volterra integral equa-
tion, for which the computer time of numerical solution can 
be reduced to that proportional to L 2,3,17 as follows. 
First, we rewrite Eq. (2) in this seemingly trivial form 
E'(x) = Ei(X) + [EQ(x) + EC(x)] + [Eb(X) - EC(x)). (3) 
where EQ(x) and Eb(X) are the integration terms in Eq. (2) 
with integration intervals replaced by (O,x] and [x,a], respec-
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tively. The newly introduced quantity E C(x) is given by 
E C(x) = ~ [E2(X') - l]E '(x') 'k
2 
[ 
2k" x 
Xexp[ -jkx(x-x')]dx'. (4) 
In this section we consider the exterior-excited case of 
which the incident wave E i(X) takes the form of 
exp[ - jkxx], and an extension to the interior-excited one is 
given in Sec. IV. 
After some rearrangements of Eq. (2), one can obtain 
the corresponding Volterra integral equation 
,pIx) = exp( - jk",x) 
- ~ [Ez(X') - l],p(x') 'k 2 [ 
2k" " 
Xlexp[ -jk" (x' -x)] 
- exp [ - jk" (x - x') ]}dx' , 
where 
,pIx) = E '(x)/G, 
and the constant 
(5) 
(6) 
m 
Note that we have reduced the problem of solving the Fred-
holm integral equation [Eq. (2)] to that of the Volterra inte-
gral equation [Eq. (5)]. Once Eq, (5) is solved for ,pIx), the 
solution E'(x) ofEq. (2) can then be calculated directly from 
Eqs. (6) and (7). 
In numerical computation, the original problem of 
treating a full matrix in the Fredholm type has been decom-
posed to that of a triangular one in the Volterra type; the 
computer time is then reduced to that proportional to L 2. In 
Sec. IV, an algorithm will be developed which further re-
duces the computer time to that proportional to L rather 
than L 2. 
C. Semi-infinite homogeneous medium problem 
Previously, we derived the integral equations for both 
regions 1 and 3 where they are free-space media. Nonethe-
less, the formulas can be easily generalized to the case in 
which region 3 is full of dielectric materials with a constant 
permittivity EOE), which may be complex and lossy. The inte-
gral equation for this case can be also derived by a Green's 
function technique, though this may be a lengthy and te-
dious work. It is indeed more convenient to derive this equa-
tion directly from physical intuition, as follows. 
When a plane wave impinges upon a semi-infinite medi-
um, a reflected as well as a transmitted wave will be generat-
ed accordingly. The reflection and transmission coefficients 
for a homogeneous one of EoE3 are, respectively, 
R= k" -kx3 ,T= 2kx 
kx + kX3 kx + kX3 ' 
where k;3 = E)k 6 - k; and Im[kx3 ]';;;0. 
Note that the amplitUde of the transmitted wave is 
c.-c. Su and C.-H. Chen 6010 
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E '(a), and therefore that of the reflected wave is E '(a)R IT. 
We may deem region 3 as a "dependent source" [on K(a)] 
that radiates this reflected field which is taken by the slab as 
an additional incident wave. So, in this case, E '(x) can be 
formulated by 
. kx - kX3 
E'(x) = E'(x) + E'(a)exp[ - jkx(a - x)] 
2kx 
_ jk ~ [[E2(X') _ l]E '(x') 
2kx 0 
Xexp[ -jkxlx -x'l]dx'. (8) 
The Volterra integral equation of Eq. (8) is similar to 
that of Eq. (2), and may be shown to be the one with 
¢'Ia)(kx - kX3 )l2kx X {exp[jkx (x - a)] 
- exp[jkx (a - x)] I added to the right-hand side of Eq. (5), 
and - ¢'Ia)exp[jkxa](kx - kX3 )l2kx to Eq. (7). 
By the same reasoning, the formula can be extended to 
the case where region 1 is also a dielectric medium. 
It will be noted that the expression of Eq. (8) appears 
somewhat different from those in Refs. 3 and 18. But it can 
be shown that all these expressions are equivalent. 
IV. THE ALGORITHM FOR SOLVING INTEGRAL 
EQUATION 
The algorithm is derived for the exterior-excited case, 
and thereafter for the interior-excited one. The latter case 
may be encountered in the optical fiber excitation problem to 
achieve a higher launching efficiency. 
A. Exterior-excitation problem 
In the exterior-excited case where the incident wave 
takes the form exp [ - jkxx - jkzz] , the integral equation 
for a wave propagation problem is given by the generalized 
form of Eq. (5). In numerical computation, the continuous 
integration must be approximated by a discrete summation. 
If the relevant fields are also calculated at the summation 
node points. one can obtain these simultaneous equations 
¢o 0 C1(W- W- I) C2(W2- W- 2) C3(W 3 - W- 3 ) CdWL- W- L) 
¢I W 0 0 C2(W- W- 1) C3(W2 - W- 2) CL(WL- 1- W 1- L) 
¢2 W 2 0 0 
= + 
¢L-I W L- 1 0 0 
¢L WL 0 0 
¢o 
¢I 
X 
¢2 
¢L-I 
¢L 
where ¢i = ¢'Ixi ). andxi(i = O.l, ... ,L) are the node points of 
the summation. Here, for clarity. we consider the summa-
tion node points to be equally spaced. namely. Xi = ih = ial 
L. W = exp( - jkxh), and 
'k 2 
Ci =~ [€2(X i ) - l]gih, i= O,l ..... L - 1, 
2kx 
-jk~ kx -kx3 CL =--[€2(a)-l]gLh+ • 
2kx 2kx 
wheregi is the weighting coefficient of some integration for-
mula. 
Since the matrix involved is triangular. the computer 
time for solving ¢i is then proportional to L 2.3.17 But by a 
careful inspection on this matrix. one can find that many of 
the multiplications overlap severely, and much computer 
time can be saved if the overlap is removed. The method of 
this overlap removal is explained as follows. 
Consider two successive terms of ¢i' as given by 
6011 J. Appl. Phys., Vol. 53, No.9, September 1982 
0 
0 
0 
C3(W- W- 1) CL(WL- 2 - W 2 - L) 
0 
CL(W- W- 1) 
0 0 
¢j = Wj + [Cj+ 1 ¢j+ 1 + Cj+ 2¢j+ 2 W 
+",+CL¢LWL-j-l]W 
- [Cj+l¢j+l +Cj+2¢j+2 W - 1 
+ ... + CL¢L W -L+j+ 1] W- 1 • 
¢j _ 1 = wj - 1 + [Cj¢j + Cj+ 1 ¢j+ 1 W 
+ ... + CL¢L WL-j] W 
- [Cj¢j +Cj+l¢j+l W- 1 
+",+CL¢LW-L+j]W- I • 
(9) 
(10) 
(11 ) 
In Eq. (10), if we store the values of the first bracket multi-
plied by Wand the second one by W - I. and set them to be A 
and B, respectively. then 
¢j_1 = wj- 1 + [Cj¢j + A ] W - [Cj¢j + B ] W- I • 
(12) 
Obviously only three multiplications are needed to obtain 
C.-c. Su and C.-H. Chen 6011 
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,pj _ 1 . In the same way, we can reset the values of A and Band 
use them to calculate ,pj _ 2' This process is repeated till ,po is 
obtained. We can start this process from ¢L _ I' setting 
CL,pL Wand CL,pL W -I to be the initial values of A and B, 
respectively, so we need 3L multiplications to obtain all the 
terms of ,pi' 
After solving ,pi' the constant G can be obtained from 
the final value of B. In the final step, L + 1 additional multi-
plications are used to recover the resultant field from Eq. (6) 
[ E r(xi) = G,pi ] . Therefore, the totality of multiplications in 
this algorithm is nearly 4L. 
B. Interior-excitation problem 
If the plane wave source is located at x = Xs' 0 < Xs < a, 
the corresponding integral equation is expressed as 
Er(x) = exp[ -jkx Ix - Xs I] 
-~ k2(X') -ljEr(x') 'k 2 [ 
2kx 0 
Xexp[ -jkxlx-x'l]dx'. (13) 
In order to utilize the algorithm just derived, the top (x > x s ) 
and the bottom (x < x s ) regions must be uncoupled as shown 
in the following, where region 3 is assumed to be free space 
for simplicity. 
After some algebraic operations one can obtain the rela-
tions of transformed fields as 
'k 2 
<.6,(x) = exp[ -jkx(x-xs)]-~ 
2kx 
xI k2(x')-lj<.6,(x')exp[ -jkxlx-x'l]dx' ,(14) 
for the top region, and 
'k 2 
<.6b(X) = exp[ - jkx(xs - x)] - ~ 2kx 
xl'" k2(x')-lj<.6b(x')exp[ -jkxlx-x'l]dx', 
(15) 
for the bottom region, where the transformed fields are relat-
ed to E r(x) by the formulas 
<.6,(x) = Er(x)/D, , (16) 
<.6b(X) = Er(x)/Db , (17) 
and the constants D, and Db are, respectively, 
jk2lX, D, = 1- Db _0 k2(X') - Ij<.6b(x') 
2kx 0 
xexp[ - jkx(xs - x')]dx' , (18) 
jk~ [ , Db = 1- D, -- [E2(X') - l]<.6,(x) 2kx x, 
Xexp[ -jkx(x' -xs)]dx' . (19) 
Note that since the integration intervals in Eqs. (14) and 
(15) are [xs,a] and [O,xs]' respectively, these two regions are 
thus uncoupled and the algorithm can then be applied to 
these equations. Once the transformed fields <.6t(x) and <.6b(X) 
are solved, Er(x) can be recovered from Eqs. (16) and (17). 
In numerical computation, since the transformed fields 
6012 J. Appl. Phys., Vol. 53, No.9, September 1982 
<.6t(x) and <.6b(X) are solved by the algorithm, the computer 
time is proportional to 4L. The constants Dt and Db can be 
shown to be 
D, = <.6b(Xs)l[ <.6b(xsl + <.6,(xs) - <.6b(Xs)<.6,(xs)] , (20) 
Db = <.6,(xs)/[ <.6b(Xs ) + <.6,(xs ) - <.6b(Xs)<.6,(xs)] . (21) 
Thus, L + 4 additional multiplications are needed to recover 
the resultant field E r(x). The computer time of interior-exci-
tation problems is then nearly 5L mUltiplications. 
v. NUMERICAL RESULT AND DISCUSSION 
Due to its fast speed, this algorithm is especially power-
ful in dealing with excitation or transient scattering prob-
lems which can be tackled by Fourier transforming the inci-
dent waves into numerous plane time-harmonic ones, which 
in tum can be handled efficiently by this algorithm. As in the 
case of an exterior-excitation problem, a y-directed current 
line source can be expanded, with respect to the z axis, by the 
Fourier integral into infinitely many kz-varying plane inci-
dent waves E i(x,kz )19 of the form 
Ei(x,kz) = - IkoTJo exp[ - jkx(x + d)] , (22) 41T'kx 
where I and - d are the amplitude and the location of the 
line source, respectively, and k; = k ~ - k;, 1m [kx ] <0. 
The resultant fields E r(x,kz) of this exterior-excitation 
problem are shown in Figs. 2 and 3 for dielectric slabs with 
homogeneous and parabolic profiles, respectively. The para-
bolic profile, often used in optical waveguide, means that the 
permittivity inhomogeneity of the slab takes the form 
E2(X) = 1 + (H - 1)[ 1 - ( 1 - ~ Yl ' (23) 
where the profile height H is a given constant. In the calcula-
tion, the trapezoidal rule is used as an integration formula 
and the number of summation node points is (L + 1 = )101. 
In both of these two profiles one can find that some remarka-
bly large values of E '(x,kz) can occur when kz > ko. It is 
observed that simple poles exist in the resultant field 
E r(x,kz )' since E r(x,kz) fits a term proportional to 
(kz - kzp ) - 1 in the neighborhood of kzp ' where kzp ' obtained 
by interpolation, is the value of kz at which such singularity 
of E r(x,kz ) occurs. In addition, the phase of E r(x,kz) shifts a 
factor of 180· whenever kz crosses kzp . Note that the phase of 
Er(x,kz)/Ei(O,kz) takes only two values, 0 or 180·, when 
k2 > ko, because no imaginary number is encountered in the 
calculation. The existence of simple poles in E r(x,kz) bears 
much theoretical and practical interest in dielectric wave-
guide in that a simple pole represents a propagation mode of 
the slab.20 
In the homogeneous case (Fig. 2) these three values of 
kzp thus obtained agree at least within ± 0.001 ko with the 
mode eigenvalues of the corresponding characteristic equa-
tions?1 The corresponding eigenfunctions, namely the 
waveforms of propagation mode, can also be acquired from 
E r(x,kz ) if k z is chosen near enough to kzp . Figures 4 and 5 
show the eigenfunctions thus obtained for slabs with homo-
geneous and parabolic profiles, respectively. Comparisons 
between calculated and analytical solutions are also illus-
C.-C. Su and C.-H. Chen 6012 
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FIG. 2. Relative resultant field. E '(x,kz)1 E '(O,kz )' at x = 0 as a function of 
kz· The slab is homogeneous with E2(X) = 3, a = 21rlkm and E3 = 1. (a) 
Magnitude. (b) Phase. The corresponding eigenvalues, obtained by interpo-
lation, are 1.2M, 1.533, and 1.684 ko' (c) A refined portion of (a) to show 
both the calculated results (e) and the behavior of a simple pole (line); name-
ly E '(O,kz)/E/(O,kz) = A I(k, - kzp ), where the more accurately obtained 
k zp = 1.6839 ko,andA = (1.6838ko - k zp )E'{0,1.6838 k o)IE'(O,1.6838 ko)' 
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Magnitude. (b) Phase. The corresponding eigenvalues. obtained by interpo-
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kzp = 1.0048 ko, and A = (1.0047 ko - k,p )E' (a, 1.0047 k o)/ 
E (0, 1.0047 ko)' 
trated in Fig. 4, from which one can find that the more k z is 
chosen near to kz ,the more accurate the eigenfunctions jlre. 
'P • 
In addition to propagation features of slabs, the radI-
ation field can also be acquired from E T(x,kz ) by Fast Four-
ier Transform or the method of steepest descent.22 Other 
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FIG. 4. Eigenfunctions of Fig. 2, within the slab, as functions of x. These 
eigenfunctions are obtained from E' (x,kz )/[E' (x,kz llmax' with 
k z = 1.265(.), 1.53(e), and 1.7 ko(.). Also shown are the analytical solu-
tions of eigenfunctions, g,(x), g2(X), and g3(X), where 
g,(x)=COS{[E2k~-k;p]'/2[x-(a/2))1. with E2=3 and 
k zp = 1.264 ko;g2(X) = sin{ [E2k ~ - k;p ]'/2[X - (a/2)] I, withE2 = 3 and 
k zp = 1.533 ko; and g3(X) = cos{ [E2k ~ - k;p ]'/2[X - (a/2)) I, with 
E2 = 3 and k zp = 1.684 ko. 
characteristics of slab scattering problems such as transmis-
sion and reflection coefficients, T (kz ) and R (kz ), are readily 
obtained by simply noting that 
T(kzl = E'(a,kz)/Ei(O,kzl, 
R (kzl = E'(O,kz)/Ei(O,kz) - 1. 
(24) 
(25) 
Although the estimates of accuracy of this algorithm 
are made on homogeneous profiles only, those on Epstein, 
Mathieu, and linear profiles, for which analytical solutions 
are available, are also reported to be reasonably satisfac-
tory?·18 Note that while there is a great improvement on 
computer time, the computed results and, hence, the accura-
cy of this algorithm are exactly the same as those obtained in 
Refs. 3 and 18, if the integration formulas used are the same. 
VI. CONCLUSION 
In this investigation the Fredholm integral equations of 
scattering problems are transformed to the Volterra equa-
tions in which region 3 is free space as well as a dielectric 
medium, for exterior- as well as interior-excitation prob-
lems. To solve the Volterra integral equation numerically, a 
fast algorithm which reduces the computer time from pro-
portional to L 2 to L has been developed. Then this algorithm 
is applied to the scattering problems of dielectric slabs with 
homogeneous and parabolic profiles to find eigenvalues, ei-
genfunctions, and other characteristics of slab waveguides in 
a fast and direct way. 
Although this algorithm is derived under the employ-
ment of equally spaced summation node points, it can be 
generalized to the case of unequally spaced ones for the us-
age of higher efficient integration formulas such as Gaussian 
quadrature. It can be shown that the computer time for this 
case is nearly equal to that of 5L or 6L multiplications for 
exterior- or interior-excited cases, respectively. 
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